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Full Waveform Inversion (FWI)

Objective: reconstruct the velocity model v : D C R — R, of the acoustic wave
equation

1
;afp—Ap:s, in[0,T] x D

(s source term)
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Full Waveform Inversion (FWI)

Objective: reconstruct the velocity model v : D C R — R, of the acoustic wave
equation
1 .
~9p—Ap=s, in [0, T]x D
v
(s source term)
Variational problem:

v € arginf D(dprea[V], dobs) ,

where D is a misfit function between true measurements d,»s and predicted data
dprsd[v].
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equation

1 .

~9p—Ap=s, in [0, T]x D

v
(s source term)
Variational problem:

v € arginf D(dpred[V], dobs) ,
\4

where D is a misfit function between true measurements d,»s and predicted data
dprsd[v].

Measurements: pressure p(-, x;) or particles velocities u(-, x,) = (ui(-, x;))i; for
x- € D.

D model space, Q = {x,..,xn, } x [0, T] data space
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Full Waveform Inversion (FWI)

Objective: reconstruct the velocity model v : D C R — R, of the acoustic wave
equation

1 .

~9p—Ap=s, in [0, T]x D

v
(s source term)
Variational problem:

v € arginf D(dpred[V], dobs) ,
\4

where D is a misfit function between true measurements d,»s and predicted data
dprsd[v].

Measurements: pressure p(-, x;) or particles velocities u(-, x,) = (ui(-, x;))i; for
x- € D.

D model space, Q = {x,..,xn, } x [0, T] data space
The whole temporal evolution is used for the calibration — Full Waveform Inversion

Highly non-convex problem (cycle skipping)
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Optimal transport misfit

Optimal transport can alleviate non-convexity

Issue: OT defined for probability measures — need to handle the data
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Optimal transport misfit

Optimal transport can alleviate non-convexity

Issue: OT defined for probability measures — need to handle the data

Kantorovich-Rubenstein (KR) norm
For p,v € M(Q), A € Ry:

KR(uu) = sup { [ =), 1V6l < 1161 <2}
o Q
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Optimal transport misfit

Optimal transport can alleviate non-convexity

Issue: OT defined for probability measures — need to handle the data

Kantorovich-Rubenstein (KR) norm
For p,v € M(Q), A € Ry:

KR(u, v) = sup { [ #u=), 1961 < 1,161 < A}
[ Q

"Relaxed” transport: if p,v € P(Q) and A = 400 = KR(u,v) = Wi(u,v)

D = KR(u, v) where 1t = dprea[v], v = dops — good results’

IMétivier et al., 2016
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Optimal transport misfit

Optimal transport can alleviate non-convexity

Issue: OT defined for probability measures — need to handle the data

Kantorovich-Rubenstein (KR) norm
For p,v € M(Q), A € Ry:

KR(u, v) = sup { [ #u=), 1961 < 1,161 < A}
[ Q

"Relaxed” transport: if p,v € P(Q) and A = 400 = KR(u,v) = Wi(u,v)
D = KR(u, v) where 1t = dprea[v], v = dops — good results’
If [on= Jqvand A>>1 then

KR(1,v) = KR(( — ), (1 — 1)) = Wi( = )1 (1 — 1))

= not convex with respect to shifts

IMétivier et al., 2016
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Relaxed Beckmann's problem for SPD valued measures

Multi-component data u(-,x,) and L : R" — S|
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Relaxed Beckmann's problem for SPD valued measures

Multi-component data u(-,x,) and L : R" — S|

Pauli's transformation (d = 2):

u:(ux,uz)r—>{a_ux Uz }, with o = u2 + u2.

Uy o+ ux
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Relaxed Beckmann's problem for SPD valued measures

Multi-component data u(-,x,) and L : R" — S|

Pauli's transformation (d = 2):

u:(ux,uz)r—>{a_ux Uz }, with o = u2 + u2.

Uy o+ ux

1= L(uprea[V]), v = L(uobs[v]) € M(2;SY)
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Relaxed Beckmann's problem for SPD valued measures

Multi-component data u(-,x,) and L : R" — S|

Pauli's transformation (d = 2):

a—u u .
u:(ux,uz)r—>{ J X z }, with o = u2 + u2.
z

a + ux
= L(uprea[V]), v = L(uobs[v]) € M(;S})

Relaxed Beckmann’s problem
For p,v € M(; V1), X € Ry

it L [lolve+n [ iy diveto) = v+ 5

SEM(V)
V=5"V; =8}, v/ =[s",
| - |v Frobenius norm, |- |ya =30, |-|v
o

divy o= 30, 5. and the constraint is to be considered in weak form
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Relaxed Beckmann's problem for SPD valued measures

Multi-component data u(-,x,) and L : R" — S|

Pauli's transformation (d = 2):

a—u u .
u:(ux,uz)r—>{ J X z }, with o = u2 + u2.
z

a + ux
= L(uprea[V]), v = L(uobs[v]) € M(;S})

Relaxed Beckmann’s problem
For p,v € M(; V1), X € Ry

1 A
Rawr) = _int L2 [ loltn 2 [ 1613, divvie) == v+ 6}
¥ o Q.v"
ey Lp Jo q Jo

V=5"V; =8}, v/ =[s",
| - |v Frobenius norm, |- |ya =30, |-|v
o

divy o= 30, 5. and the constraint is to be considered in weak form
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Tuning of the model

Remark: the difference of mass can be quite big due to the difference of energy
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Tuning of the model

Remark: the difference of mass can be quite big due to the difference of energy

Choice of p, g € {1,2}:
o Sensitivity to (small) displacements (optimal transport problem) — p=1

o Penalization proportional to the energy of the signal — q=2
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Tuning of the model

Remark: the difference of mass can be quite big due to the difference of energy

Choice of p, g € {1,2}:
o Sensitivity to (small) displacements (optimal transport problem) — p=1

o Penalization proportional to the energy of the signal — q=2

Choice of A:
o For small values, 7,), behaves like an L9 distance of yu — v
o For big values, 7;3(7 behaves like an L9 distance on "the mass difference”

o Dimensional analysis:
W =[]=A [o]=A-1 — [N=A"9.p

where / is a length, A an amplitude
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Duality results

Dual structure is useful for exact solutions, derivatives, numerical computation,...
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Duality results

Dual structure is useful for exact solutions, derivatives, numerical computation,...
p=1lqg=1

7-1?\1(/.1,,1/) = sup {/ < ¢7V_.u‘ >v, |V¢|V’7 < 17 |¢|V < >‘}

PeEC(1;V)

— vectorial extension of the KR norm
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Duality results

Dual structure is useful for exact solutions, derivatives, numerical computation,...

p=1lqg=1
Ty )=  sup {/ <bv—p>v, Vol <1, [Blv < A}
dEC (V)
— vectorial extension of the KR norm
p=1qg=2
1
e = s L[ <owpsy -5 [ ol Vol <1}
PeC (V) Q Q

— quadratic penalization of the potential in the KR

Gabriele Todeschi Les Houches 17/03/2023 6/14



Duality results

Dual structure is useful for exact solutions, derivatives, numerical computation,...

p=1lqg=1
TAwy) = sup {/ < b —p>v, [Vl <1, gl < A}
dEC (V)
— vectorial extension of the KR norm
p=1qg=2
1
e = s L[ <owpsy -5 [ ol Vol <1}
PeC(Q;V) Q Q

— quadratic penalization of the potential in the KR
p=2,qg=2
A 1 2 1 2
Too(p,v) = sup—3 IVolvn — BN lolv + [ (¢, —p)v
) Q Q Q
— not a transport, not coupled...
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Exact solutions for p=1,g=1

Consider two delta measures p = Midy,, v = Mady,, My, M € ST}
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Exact solutions for p=1,g=1

Consider two delta measures p = Midy,, v = Mady,, My, M € ST}

— (generalized) Fermat-Torricelli problem

The cost 77 (1,v) is equal to (v = 2)
. (M, M2)v 1
(IMilv + [M2]v) |Mi]v| M|y = 242
o (M1, Mi — Ma)y 1
M — M — o||M fo ol < —
My — Ma|y + [x1 — xo| [Mh]v VMM — Moy S 292
. <M2,M2—M1>V 1
M — M — ||M e — - <~ 55
| My blv + [x1 — x2|[Ma|v : [Ma|v|My — Maly — 242
1
‘X1—X2|((72—§)|M1 M2|v+2(|M1|V+‘M2| v)+
, else.
1 1\2
(492 = DA (MM — (M, M) )E)
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Exact solutions for p=1,g=1

Consider two delta measures p = Midy,, v = Mady,, My, M € ST}

— (generalized) Fermat-Torricelli problem

The cost 77 (1,v) is equal to (v = 2)

. (My, M)y 1
(IMilv + [M2|v) |Mi|v|M]y = 292

o (M1, Mi — Ma)y 1
AM: — M — xo||M M = Ml < 3.2
| My blv + [x1 — x2|[Mh|v : [Mi|v|My — Moy = 292

o My, My — M: 1
)\|M1—M2|V+‘X1_X2||M2‘V if < 2 2 1>V <

M|y [My — Mo]y = 292

1 1
ba =l (57 = 3)IMs = Mafyy + S (M + [Mal)+
else.

1
1 3)2
(477 = DF (MY ML, — (Mo, Ma)3)?)?

v < % = the first condition is always met (M;, M, > 0)
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Exact solutions for p=1,g=1

Consider two delta measures p = Midy,, v = Mady,, My, M € ST}

— (generalized) Fermat-Torricelli problem

The cost 77 (1,v) is equal to (v = 2)

. (My, M)y 1
(IMilv + [M2|v) |Mi|v|M]y = 292

o (M1, Mi — Ma)y 1
AM: — M — xo||M M = Ml < 3.2
| My blv + [x1 — x2|[Mh|v : [Mi|v|My — Moy = 292

o My, My — M: 1
)\|M1—M2|V+‘X1_X2||M2‘V if < 2 2 1>V <

M|y [My — Mo]y = 292

1 1
ba =l (57 = 3)IMs = Mafyy + S (M + [Mal)+
else.

1
1 3)2
(477 = DF (MY ML, — (Mo, Ma)3)?)?

v < % = the first condition is always met (M;, M, > 0)

— X represents (half) the distance at which mass is transported
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Exact solutions for p=1,q =2

Consider two delta measures 1 = midy,, v = m2dy,, m1, m € Ry
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Exact solutions for p=1,q =2

Consider two delta measures 1 = midy,, v = m2dy,, m1, m € Ry

The optimal potential is: ¢(x1) = a,¢(x2) = b

a=/Am —m),b=a—|x1 — x|

i > el

my — mz

and my > mp

Gabriele Todeschi Les Houches
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Exact solutions for p=1,q =2

Consider two delta measures 1 = midy,, v = m2dy,, m1, m € Ry

The optimal potential is: ¢(x1) = a,¢(x2) = b

_ 2

i > bazoel

a=/Am —m),b=a—|x1 — x| mi — mo
and my > mp

2= ‘Xl—X2| A(ml—m2)7b:_\x1—X2|+A(m1—mz) |f)\§ ‘XI—X2|2

2 2‘X1—X2| 2 2|X1—X2| |m1—m2\

. Ix1 — x2|?
=VvVAm = —v\m A< —— 1
a A 1,b A 2 | )\_ (\/71 ﬁ)Z

—> ) represents the distance at which a unit of mass is transported
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Exact solutions for p=1,q =2

Consider two delta measures 1 = midy,, v = m2dy,, m1, m € Ry

The optimal potential is: ¢(x1) = a,¢(x2) = b

VT
if 3 > el
a=/Am —m),b=a—|x1 — x| my — my

and my > mp
5 =l Alm—ms) =l | A(m— my)

b= + if A<
2 2‘X1—X2| 2 2|X1—X2| - |m1—m2\

. X — x|
— Vami, b= —V/A FA< ezl
T vAm, e TS UM+ )

i — xf®

—> ) represents the distance at which a unit of mass is transported

The tuning of A can be done by choosing a reference transport distance and a
reference mass to be transported
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Numerical solution

Numerical solution of 7:,%:
o Finite difference discretization
o SDMM algorithm: primal-dual proximal splitting technique
o Bottleneck: solution of a Poisson equation

o The SPD transport does not reflect on the complexity of the algorithm

o]

(p = 1,9 = 2) — the higher regularity can be exploited (FISTA,
Chambolle-Pock, ...)
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Numerical solution

Numerical solution of 7:,%:
o Finite difference discretization
o SDMM algorithm: primal-dual proximal splitting technique
o Bottleneck: solution of a Poisson equation

o The SPD transport does not reflect on the complexity of the algorithm

o]

(p = 1,9 = 2) — the higher regularity can be exploited (FISTA,
Chambolle-Pock, ...)

Solution of the inverse problem:

o |-BFGS algorithm: requires %
. . . .. . T (v
o Derivative via adjoint state method: requires palrr)
o thanks to the dual structure:
87217(:“7 v) _
Tow ¢
"
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Numerical results: sensitivity to time shift
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Numerical results: Marmousi test case

D =[a,b] x [c,d] CR* n=2, T =3000, N, = 169

Q= {x1,..,xn, } X [0, T] semi-discrete 2d domain
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Numerical results: Marmousi test case

D =[a,b] x [c,d] CR* n=2, T =3000, N, = 169

Q= {x1,..,xn, } X [0, T] semi-discrete 2d domain

50 100 150

Uy u, a=/u2+ u?

" Dimensional anisotropy”: 2 = {x;, .., xn,} x [0, T/v] where v mean velocity
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Numerical results: Marmousi test case

D =[a,b] x [c,d] CR* n=2, T =3000, N, = 169

Q= {x1,..,xn, } X [0, T] semi-discrete 2d domain

50 100 150
Uy u, a=/u2+ u?
" Dimensional anisotropy”: Q = {x;, .., xn, } x [0, T/V] where v mean velocity

For(p=1,g=1), A~ %; for(p=1,g=2), A=~ 2‘7{%; fq : frequency of s

O

= = =
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Numerical results: Marmousi test case
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Conclusions

We introduced an (unbalanced) L1 transport for SPD valued measures to transport
multi-component signals

Computationally affordable
Good results for the FWI problem justifying the approach

Applications to other problems can be foreseen
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Conclusions

We introduced an (unbalanced) L1 transport for SPD valued measures to transport
multi-component signals

Computationally affordable
Good results for the FWI problem justifying the approach
Applications to other problems can be foreseen

BUT:
o Rely on a lift function: linked to the physics of the problem at hand
o Sensitivity to the calibration of A (depending again on the lift/physics)
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Thank you for your attention!
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